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We study spin and charge diffusion in metallic-ferromagnet/topological-insulator junctions. The
diffusive theory is constructed for the coupled transport of the spin-dependent electron densities in
the ferromagnet and the charge density in the topological insulator. The diffusion equations for the
coupled transport are derived perturbatively with respect to the strength of the interlayer tunneling.
We analytically calculate spin accumulation in the ferromagnet and junction magnetoresistance
associated with a current bias along the interface. It is found that due to the helical spin texture
of the surface Dirac fermion, the spin accumulation and the junction magnetoresistance depend on
the angle between the magnetization and the current induced spin polarization on the surface of the
topological insulator.
I. INTRODUCTION
Recent discovery of three-dimensional (3D) topologi-
cal insulators (TI’s) offers a new state of matter that is
topologically distinct from the conventional band insu-
lators.1–6 Surface states of the strong TI are topologi-
cally protected and immune to small perturbations that
respect time-reversal symmetry. At low energies, these
states are described by Dirac fermions and hence exhibit
strong spin-orbit interactions and intriguing Berry-phase
phenomena.
Since the electron’s spin and momentum on the sur-
face of a TI are essentially interlocked, TI’s offer a
promising arena for developing spintronics. In par-
ticular, there have been an intense interest in cou-
pling TI’s with ferromagnets (F’s). In previous works,
the focus has been on the surface properties of the
TI’s that are standalone or exchange coupled to the
insulating F’s,7–9 such as magnetoelectric effect,4,10,11
spin torque and magnetization dynamics,12–18 mag-
netic domain walls,19–21 charge pumping,22,23 magnetic
heat transport,24 spin rotation,25,26 spin and charge
dynamics,27–29 magnetotransport,30–37 and Majorana
fermions (in superconducting heterostructures).38–45
These phenomena are affected or effected by the exchange
field of the F: The in-plane exchange field acts like a vec-
tor potential while the out-of-plane exchange field makes
the Dirac fermions massive. On the other hand, the cou-
pled spin and charge transport in metallic F’s interfaces
with TI’s remains largely unexplored.46 We study this
transport here, in the weak-tunneling regime through the
F/TI junction.
Motivated by theoretical predictions, there has
also been intense interest on the magnetic proxim-
ity effect47–53 and observation of Dirac fermions cou-
pled with exchange field. Recently, signatures of Dirac
fermions coupled to magnetization have been observed
by doping Fe, Mn, Cr, Gd, or ferrocene into TI’s,54–66
depositing Fe or Co on the surface of TI’s,67–70 making
junction of a TI with Fe, GdN or EuS,71–74 or intergrowth
with Fe7Se8.
75
In this paper, we construct the diffusive theory for the
coupled transport of the spin-dependent electron densi-
ties in the F and the charge density in the TI. We derive
the coupled spin and charge diffusion equations in layered
metallic F/TI junctions, under current bias along the TI
surface, which are perturbed by the tunneling across the
interface. We analytically solve the diffusion equations
to calculate the current-induced spin accumulation in the
ferromagnet and junction magnetoresistance due to the
F/TI interlayer tunneling. It is found that due to the
helical spin texture of the surface Dirac fermion, the spin
accumulation and the junction magnetoresistance depend
on the angle between the magnetization and the current
induced spin polarization on the surface of the TI.
II. MODEL
We consider an F/TI junction sketched in Fig. 1(a).
The Hamiltonian of the system readsH = HF+HT+H
′,
where
HF =
∑
k
aˆ†
k
(
h¯2k2
2m
+ h · σˆ − εF
)
aˆk (1)
is the Hamiltonian of the ferromagnet. Here, k denotes
3D wave vector, h = h(sin θ cosϕ, sin θ sinϕ, cos θ) is the
exchange field, σˆ = (σˆx, σˆy, σˆz) is a vector of Pauli ma-
trices, and aˆ†
k
= (a†
k↑, a
†
k↓) is the spin-1/2 creation opera-
tor. We suppose that the magnetization is uniform. The
Hamiltonian on the unperturbed surface of the topolog-
ical insulator reads
HT =
∑
k
bˆ†
k
[h¯v (ky σˆx − kxσˆy)− εT ] bˆk , (2)
where the 2D wave vector k is parallel to the interface.
The dispersions of the TI and F are shown in Fig. 1(b),
where the horizontal line denotes their common equilib-
rium Fermi level.
The F and TI are coupled by the tunneling Hamilto-
nian
H ′ =
√
h¯γ
pi
∑
k,k′
aˆ†
k
bˆk′ +H.c. , (3)
2µ
εT
εF
h
m
v
FIG. 1: (Color online) (a) Schematic picture of the model.
(b) Dispersions of the TI and F. The horizontal line denotes
the Fermi level.
where
√
h¯γ
pi denotes the tunneling amplitude. It is as-
sumed that the interface between F and TI is rough, such
that, upon transmission through the interface, the mo-
mentum of the electron is scrambled while the spin and
the energy are conserved. This spin-conserving form of
tunneling would generally need to be extended to ac-
count for details of atomistic matrix elements for the
states composing the Dirac electron band, in order to
construct a more quantitative theory. We believe, how-
ever, that our simple treatment gives rise to the appropri-
ate symmetry-based phenomenological structure of the
final diffusion equations. We will be assuming the am-
bient temperature T to be low, kBT ≪ εF , εT > 0, and
will focus on small deviations from an equilibrium state.
Spin-resolved electron-number density (measured rela-
tive to the equilibrium state) in the F, nσ with σ =↑ and
↓ for minority and majority spins, respectively, obeys the
diffusion equation:76–79
∂nσ
∂t
= Dσ∇2nσ −
(
nσ
τσ
− nσ¯
τσ¯
)
− i′σ , (4)
where i′σ is the spin-σ particle flux from the F into the
TI across the F/TI interface and σ¯ = −σ. According to
equilibrium considerations, the spin-flip rates are related
by ρ↑/τ↑ = ρ↓/τ↓ ≡ Γ, where ρσ is the Fermi-level spin-σ
density of states in the F. Electron density on the surface
of the TI, n, in general obeys the continuity equation:
∂n
∂t
= −∇ · j+ (i′↑ + i′↓) . (5)
Due to the strong spin-orbit coupling in the TI, we do
not separate diffusion into two spin components. In lieu
of the diffusive relations for n↑ and n↓ in the F, we have
those for n and j = (jx, jy) in the TI. The nonequilib-
rium spin density, as a hydrodynamic quantity, is thus
replaced in the TI by the current density (which is phys-
ically motivated by the helicity of electron transport).
To the lowest order in tunneling, the spin-dependent
interlayer currents can be calculated using the Fermi’s
golden rule:
i′σ =
2pi
h¯
∑
k,k′,σ
|〈bˆk′H ′a†kσ〉0|2(fF,kσ − fT,k′)δ(εkσ − εk′) .
(6)
Here, fT and fF are the associated distribution functions;
εk = h¯vk − εT and εkσ = (h¯k)2/2m + σh − εF are the
corresponding energy eigenvalues; and the expectation
value 〈. . . 〉0 is taken with respect to the absolute vacuum.
In the state of global thermal equilibrium, the electron
distributions are given by the Fermi-Dirac distribution
function: f0(ε) = [e
ε/kBT + 1]−1. The nonequilibrium
particle densities in the F and TI can be accounted for
by simply shifting their chemical potentials by µ = n/ρ
and µσ = nσ/ρσ, respectively, where ρ is the Fermi-level
density of states in the TI.
In the dilute limit of scattering impurities, the particle-
current density j in the xy plane on the surface of the TI
results in a shift δk of the electron distribution function
in the momentum space:
j =
vk
4pi
δk , fT = f0 − ∂f0
∂k
· δk . (7)
Here, k is the Fermi wave number in the TI.
3III. RESULTS
A. Diffusion equations
The tunneling matrix elements entering in Eq. (6) are determined by the spinor eigenfunctions
|k〉 = 1√
2
(
i
eiφ
)
, |↑〉 =
(
cos θ
2
eiϕ sin θ
2
)
and |↓〉 =
( − sin θ
2
eiϕ cos θ
2
)
, (8)
in the TI and F, respectively, where φ = tan−1(ky/kx) is the polar angle of k in the TI. We find (absorbing the
ferromagnet’s volume into γ)
i′σ = γ
∫
k2dk
2pi2
k′dk′dφ
(2pi)2
[1 + σ sin θ sin(φ− ϕ)] (fF − fT ) δ(εkσ − εk′) = γ
[
σρσ sin θ
v
eϕ · j+ ρnσ − ρσn
]
, (9)
where eϕ = (sinϕ,− cosϕ).
Substituting spin-dependent tunneling current density (9) into Eq. (4) complements the diffusion equation in the
F with the tunneling leakage current, which is itself expressed in terms of the consistent hydrodynamics quantities.
In order to complete our diffusion theory, we, however, still need to relate the current on the surface of the TI, j, to
the out-of-equilibrium densities, n and nσ, which we proceed to do in the following.
Driving the TI electrons by a spatially homogeneous in-plane electric field E, in the presence of the interlayer
tunneling, the current j on the surface of the TI obeys the following scattering relation:
∂j
∂t
= − j− gE/e
τ
+
∂j
∂t
∣∣∣∣
t
, (10)
where τ is the transport mean free time, e < 0 is the electron charge, and g is the electrical conductivity, which is
given, according to the Einstein relation, by g = e2Dρ, in terms of the diffusion coefficient D = v2τ/2. The last term
on the right hand side represents the tunneling contribution to the time derivative of the current. At frequencies
ω ≪ 1/τ , this reduces to
j = eDρE+ τ
∂j
∂t
∣∣∣∣
t
≡ jd + jt , (11)
where the second term stands for the tunneling contribution to the planar TI current. In general, −eE should be
replaced with the electrochemical potential gradient, −eE → ∇µ, which also captures the diffusive contribution to
the current: jd = −D∇n. The tunneling contribution to the current is also evaluated using the Fermi’s golden rule,
giving
∂j
∂t
∣∣∣∣
t
=
2pi
h¯
∑
k,k′,σ
〈bˆk′vbˆ†k′〉0|〈bk′H ′a†kσ〉0|2(fF,kσ − fT,k′)δ(εkσ − εk′) = −γ
[
ρ+j+
v sin θ
2
(ρn− − ρ−n)eϕ
]
. (12)
where vi =
∂HT
h¯∂ki
(i = x, y), ρ± ≡ ρ↑ ± ρ↓ and n± ≡ n↑ ± n↓. (We will later also benefit from the definition
D± ≡ D↑±D↓.) The first term gives a correction of order O(γτ) to the diffusion coefficient D, which can be absorbed
by a redefinition of D. Note that in the absence of spin-orbit interactions in the F, ∂jσ/∂t|t = 0 there, which allowed
us to use simple diffusive relations in Eq. (4).
Substituting the current Eq. (11) into Eq. (5), we obtain the diffusion equation in the TI (to the lowest order in
tunneling):
∂n
∂t
= −∇ · jd −∇ · jt + γ
[
ρ− sin θ
v
eϕ · jd + ρn+ − ρ+n
]
, (13)
which becomes, upon substituting the above explicit expressions for jd and jt:
∂n
∂t
= D∇2n+ γ
[
ρD sin θ
v
eϕ ·∇n− − 2ρ−D sin θ
v
eϕ ·∇n+ ρn+ − ρ+n
]
. (14)
In the most general case, our final diffusion equations for the TI and F are written in terms of the full electrochemical
potentials (including electrostatic contributions), µ and µσ:
∂n
∂t
= Dρ∇2µ+ γρ
[
D sin θ
v
eϕ · (ρ↑∇µ↑ − ρ↓∇µ↓)− 2ρ−D sin θ
v
eϕ ·∇µ+ ρ↑µ↑ + ρ↓µ↓ − ρ+µ
]
(15)
4and
∂nσ
∂t
= Dσρσ∇2µσ − Γ(µσ − µσ¯) + γρρσ
[
σD sin θ
v
eϕ ·∇µ+ µ− µσ
]
. (16)
These equations constitute the central result of this paper.
B. Static 1D case
As an example of F/TI junctions, consider the static 1D case. The diffusion equations in the F then become
0 = Dσρσ∂
2
xµσ − σΓ(µ↑ − µ↓) + γρρσ
[
σD sin θ sinϕ
v
∂xµ+ µ− µσ
]
, (17)
and that on the surface of the TI is
0 = D∂2xµ+ γ
[
D sin θ sinϕ
v
(ρ↑∂xµ↑ − ρ↓∂xµ↓)− 2ρ−D sin θ sinϕ
v
∂xµ+ ρ↑µ↑ + ρ↓µ↓ − ρ+µ
]
. (18)
The diffusion equations in the F can be combined to obtain the equation for the spin accumulation µs ≡ µ↑ − µ↓:
0 = ∂2xµs −
µs
λ2
+ γρ
[(
1
D↑
+
1
D↓
)
D sin θ sinϕ
v
∂xµ+
(
1
D↑
− 1
D↓
)
µ− µ↑
D↑
+
µ↓
D↓
]
, (19)
where λ is the spin-diffusion length given by
1
λ2
= Γ
(
1
ρ↑D↑
+
1
ρ↓D↓
)
. (20)
For the internal consistency of our quasi-1D treatment of the diffusion in the F, we need the F layer to be thinner
than λ. The charge transport in the F is governed by the following relation:
0 = (D↑ρ↑∂
2
xµ↑ +D↓ρ↓∂
2
xµ↓) + γρ
[
Dρ− sin θ sinϕ
v
∂xµ+ ρ+µ− ρ↑µ↑ − ρ↓µ↓
]
. (21)
We will in the following solve the static 1D equations,
Eqs. (18), (19), and (21), iteratively, to first order in γ. In
the absence of tunneling, i.e., γ = 0, the general solutions
are
µ0 = Ax+B ,
µ0s = ae
x/λ + be−x/λ ,
µ0c = µ0 + cx+ d−
Pµ0s
2
, (22)
where P ≡ (D↑ρ↑−D↓ρ↓)/(D↑ρ↑+D↓ρ↓) is the F conduc-
tivity polarization (according to the Einstein’s relation)
and µc ≡ (µ↑+µ↓)/2 is the spin-averaged chemical poten-
tial. Here, a, b, c, d, A, and B are yet unknown constants,
which should be determined by the boundary conditions.
The solutions to the first order in γ are then obtained
by inserting these zeroth-order solutions into the terms
proportional to γ in the diffusion equations, which pro-
duces O(γ) source terms. After some algebra, we thus
find solutions to the first order in γ:
5µs =ae
x/λ + be−x/λ +
γρλ2
D↑D↓
×
[
fex/λ + ge−x/λ +
DD+ sin θ sinϕ
v
A+D−(cx+ d) +
D+ + PD−
4
λx
(
aex/λ − be−x/λ
)]
,
µc =µ0 + cx+ d− γρ
2(D↑ρ↑ +D↓ρ↓)
×
[
ux+ v +
Dρ− sin θ sinϕ
v
Ax2 − ρ+
( c
3
x3 + dx2
)
+ (Pρ+ − ρ−)λ2
(
aex/λ + be−x/λ
)]
− Pµs
2
,
µ =Ax+B +
γ
2D
×
[
Cx+ E − D sin θ sinϕ
v
{
(ρ+ − Pρ−)λ
(
aex/λ − be−x/λ
)
+ ρ−(c−A)x2
}
− ρ+
( c
3
x3 + dx2
)
+ (Pρ+ − ρ−)λ2
(
aex/λ + be−x/λ
) ]
. (23)
Here, f, g, u, v, C, and E are to be determined by the boundary conditions (at order γ).
In order to impose specific boundary conditions, sup-
pose now that a ferromagnetic layer is attached to the TI
along −W/2 < x < W/2. Since the ferromagnet is ter-
minated at x = −W/2 and W/2, we require vanishing of
the diffusive spin-dependent planar fluxes normal to the
boundaries, such that ∂xµc = ∂xµs = 0 at x = ±W/2.
Applying a uniform 2D particle flux j to the TI surface in
the x direction, we have j = −Dρ∂xµ, in the absence of
tunneling, which determines A = −j/Dρ. We can, fur-
thermore, set B = 0 without loss of generality (absorbing
it by a gauge potential shift, if necessary). Solving the
first two of Eqs. (23) then gives the spin accumulation in
the F of the form:
µs =− 4γλ2j
{
sin θ sinϕ
v(D+ − PD−) −
D−
D(D2+ −D2−)
×
[
x− λ sinh(x/λ)
cosh(W/2λ)
]}
. (24)
The spin accumulation, which is a nonequilibrium quan-
tity, is proportional to the current j, as expected. The
first term in the curly brackets is proportional to the
y projection of the F exchange field. This can be inter-
preted to result directly from the current-induced spin ac-
cumulation in the TI, which points along the−y direction
(when the current is flowing along the x axis). Since the
TI current is spin polarized helically even without the fer-
romagnet, this contribution is position-independent and
persists even whenD− → 0. The other contribution to µs
is independent of the direction of the exchange field, and
requires D− 6= 0, which means that it is due to nonequi-
librium transport that is spin polarized by the ferromag-
net. This contribution is position dependent, vanishing
when W ≪ λ and growing linearly with x when W ≫ λ.
It should be remarked that d is given by d =
−j(ρ−/vρρ+) sin θ sinϕ, to the zeroth order in tunneling,
reflecting the fact that the average chemical potential in
the F can be shifted by spin injection. The tangential
particle flux in the F is obtained as
∑
σ
jσ = −∂x(D↑ρ↑µ↑ +D↓ρ↓µ↓) = γρ+
2D
j
(
W 2
4
− x2
)
.
(25)
The current in the F flows in the same direction as that
on the surface of the TI and reaches its maximum value
at the center of the junction.
The chemical potential on the surface of the TI (setting
E = 0) can be expressed as
µ
µ0
= 1− γ
2
[
ρC
j
− ρ− sin θ sinϕ
v
x− ρ+
3D
x2
]
, (26)
where µ0 = −jx/Dρ. The continuity of the TI current
(11) at junction boundaries, x = ±W/2, at first order in
γ, gives
ρC
j
=
ρ+W
2
4D
− 4Dρ+
v2
− 2Dρ
2
− sin
2 θ sin2 ϕ
v2ρ+
. (27)
Only when ρ− is nonzero, the chemical potential on the
surface of the TI depends on the direction of the exchange
field. Finally, the additional resistance δR ≡ R − R0 of
the TI/F junction (normalized to the bare TI resistance
R0) is found to be
δR
R0
=
δµ(−W/2)− δµ(W/2)
jW/Dρ
= γ
[
−ρ+W
2
12D
+
2Dρ+
v2
− Dρ
2
− sin
2 θ sin2 ϕ
v2ρ+
]
, (28)
where δµ ≡ µ− µ0 is the chemical-potential shift due to
tunneling. The magnetoresistance ∝ −h2y reaches max-
imum for h ⊥ y and minimum for h ‖ y. Note that
6this resistance respects the Onsager reciprocity for two-
terminal systems. Namely, δR ∝ const− h2y is invariant
under time reversal: h → −h. The normalized magne-
toresistance is given by
R(h ⊥ y) −R(h ‖ y)
R0
=
γρ2−τ
2ρ+
. (29)
For ρ−/ρ+ ∼ 1, h¯γρ− ∼ 10−3 eV, and τ ∼ 10−13 s, we
estimate γρ2−τ/(2ρ+) ∼ 0.1.
IV. CONCLUSION
In summary, we studied spin and charge diffusion in
ferromagnet/topological-insulator junctions under cur-
rent bias on the surface of the topological insulator. The
ferromagnet is assumed to be metallic. The diffusive the-
ory is constructed for the coupled transport of the spin-
dependent electron densities in the ferromagnet and the
charge density in the topological insulator. The diffusion
equations which include the interlayer coupling and the
current bias are derived based on the perturbative ap-
proach. By solving the diffusion equations analytically,
we obtained spin accumulation in the ferromagnet in-
duced by the current and magnetoresistance due to the
interaction between the magnetization and the current
flowing on the surface of the topological insulator. The
dependences of the spin accumulation and the junction
magnetoresistance on the magnetization reflect the heli-
cal spin texture of the surface Dirac fermion.
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